MAT 225
Extra Credit - Exotic Vectors

Matt Barnard

A vector space V is defined as
V={Z|-1<z<1}

with the following operations on (Z,%) € V and a scalar ¢ € R, each of vector
addition and scalar multiplication having both a hyperbolic trigonometric form
and an algebraic form

Z @Yy = tanh (tanh_1 (z) + tanh ™! Y) ¢® & = tanh (c- tanh ™! )
L L, THy (1+x)¢—(1—x)F
TDY = 7=

YT Ty O Uyt (o)

We prove that V' is a vector space by demonstrating the following properties
of vectors using the operations above

1. V is closed under addition of vectors

2. Addition of vectors in V' is commutative

3. Addition of vectors in V' is associative

4. There is a vector additive identity 0 € V such that £ @® 0 = &

5. For any Z € V there is a negation —& € V such that & @ (%) =0
V' is closed under multiplication by scalars in R

Multiplication by scalars in distributes over addition of vectors in V'

Multiplication by vectors in V' distributes over addition of scalars

e ® N e

Multiplication of vectors in V' by scalars is associative

10. There is a scalar multiplicative identity s € R such that s © & = &



1 V is closed under addition of vectors
ifZ@y=Zand 7€V
By definition 7 € V if —1 < z < 1; in other words |z| < 1. Using the definition
of 7@ v,
x+y
ol = |
ry

We regroup by properties of absolute values and rearrange the inequality to
isolate variables. We let X = |z| and Y = |y| for clarity:

oyl _ Jeltlyl _ X+Y

= <1
1+ayl — 1+ x|y 1+XY

X+Y <14+XY
X+Y-XY <1

factoring, we have

X+Y(1-X)<1
Y1-X)<1-X
which is falsified if and only if Y > 1; by definition —1 <y <1soY = |y| < 1
and the inequality holds for any #. Factoring |z| gives an identical inequality
that holds for any ¥
Y+X(1-Y)<1
X1-Y)<1-Y

So —1 < z < 1 when Z = Z @ g therefore ¥ @ i € V and V is closed under
vector addition.



2 Addition of vectors in V' is commutative
froy=y67
First we write the definition of & @ ¥ substituting S and P for the sum and
product terms, respectively
z+y S
l+zy 14+P
then we write the commuted operation in the substituted form
., yt+x S
yor= l+yx 14+P

and observe the commutivity of real numbers

FO§=

r+y=S=y+x
xy=P=yx
e i S o @
T = —= Z
Y1y p Y
therefore vector addition in V' is commutative.

3 Addition of vectors in V is associative
f(@Zey)ezZ=70 G2
Here we use the hyperbolic tangent definition of ¥ @ ¥
Z @ i = tanh (tamh71 () + tanh ™! y)
We substitute A and B for the associative groups
(TOYOZ=TD (& 2)
AoZ=7eB

and write A and B in terms of the definition; then take their inverse hyperbolic
tangents for substitution in the next step

A=2Z¢y=tanh (tanh_l (z) + tanh ™! Y)
B =y ®Z=tanh (tanh™" (y) + tanh ™" 2)

tanh ™' A = tanh ™! (z) + tanh ™'y
tanh ™' B = tanh ™! (y) + tanh ™' 2
Finally we write A® 2= @ B as C = D where
C = tanh (tanh71 (A) + tanh™' 2) = tanh (tanh71 (z) + tanh ™" (y) + tanh ™ z) = tanh(S)
D = tanh (tanh ™' (z) + tanh™' B) = tanh (tamh_1 (z) + tanh ™" (y) + tanh ™" 2) = tanh(S)
tanh (S) = tanh (.5)

so vector addition is associative in V.



4 There is a vector additive identity 0 € V such
that ¥ ®©0 =&

We define the zero vector p'in terms of addition in V:

TEp= TP =z
p_l—i-xp_

x+p:x+x2p

r—r=a’p—p
xfa::(IQfl)p
T —x
x?—1

0=p

=P

By definition —1 < z < 1 so p = 0 is defined for all . Finally —1 < 0 < 1 so
p=0eV.

5 For any 7 € V there is a negation —¥ € V such
that 7@ (—7) =0

Let p = —% and define p’in terms of addition in V:
oL T+p
TOP= 1+xzp
z+p=20
p=-z

andif 7€V =—-1<z<lthen|—z|=2<1lso—zisinV.

6 V is closed under multiplication by scalars in R
We use the hyperbolic tangent definition of ¢ & ¢/
¢ @ U = tanh (c -tanh™! v)

We only need to observe that —1 < tanhz < 1 for all z; if ¢ ® ¥ = @ then
—l<wu<lforanyc€ R, «isin V, and V is closed under scalar multiplication.

tanhx:%<1 tanhm:%>—1
er + 1/e e 4 /e
e’ —1/e® < e® + 1/e” e’ —1/e® > —e® —1/e”
e’ < e® +2/e” e’ > —e”

tanhx < 1 for all x 4 tanhz > —1 for all x



7 Multiplication by scalars distributes over addi-
tion of vectors in V

We again use the hyperbolic tangent definition of ¢ ® & as well as of ¥ ®
¢® & = tanh (c -tanh ™! x)
Z @ i = tanh (tanh71 (z) +tanh ™! y)

We will show that c® (@ §) = (cOF) ® (c® ). Begin by grouping the
products as X and Y and taking their inverse hyperbolic tangents

X =c® ¥ =tanh (Cotanh_lx)
Y =c® y = tanh (c-tanh_ly)

tanh ™' X = ¢-tanh 'z
tanh™'Y = ¢-tanh ™'y
Evaluate the sum of products
X @Y = tanh (tanh™' (X) + tanh™'Y)
= tanh (c - tanh ™" () + ¢ - tanh ™" y)
(cOZ)@® (c®) = tanh [c- (tanh71 (z) + tanh ™! y)]
and compare with ¢ ® (Z @ )
c®((F®Y) =coS =tanh (c-tanh™'S)
S =2 @y =tanh (tanh_1 (z) + tanh ™! y)
tanh ™' S = tanh ™' (z) + tanh 'y
c¢® S =tanh (c -tanh ™! S)
= tanh [c- (tanh™" (z) + tanh ™" y)]

thus
c® (Z&§) = tanh [c- (tanh_1 (z) + tanh ™! Y)] =(cod)a(coy)

cOERY) =)D (cOY)

Scalar multiplication distributes over vector addition in V.



8 Multiplication by vectors in V' distributes over
addition of scalars

This proof is very similar to the previous one. Again using the definitions as
¢® 7 = tanh (c- tanh ™' z)
# @ § = tanh (tanh ™' (z) + tanh ™" y)
Assume that ¢ and d are real valued scalars; we then show that
(c+d)0Z=(cOZ) B (dOT)
let
C =cO®Z =tanh (c -tanh™* ac) — tanh ' C =c¢-tanh 'z
D =d® & =tanh (d -tanh ™! SL‘) — tanh ' D =d-tanh 'z
then
(co)@(doZd)=CaD
= tanh (tanh ™" (C') + tanh ™" D)
= tanh (c- tanh™*(z) +d - tanh ™! )
= tanh [(c+ d) - tanh z]
=(c+d)ox

so vector multiplication in V' distributes over scalar addition.

9 Multiplication of vectors in V' by scalars is as-
sociative

With the definition of scalar multiplication
¢® & = tanh (c -tanh ™! m)

show that (¢cd) @ Z =c® (d © Z).
Let D=do

D = tanh (d -tanh™! x) = tanh ' D =d-tanh 'z
and compose multiplication
cOder)=coD :tanh(c-tanhle)
= tanh [c- (d-tanh™" z)]
= tanh (cd -tanh ™! m)
=(cd)O T

and scalar multiplication of vector in V' is associative.



10 There is a scalar multiplicative identity s € R
such that s© 7 =7
Here we use for the first time the algebraic definition of scalar multiplication in V:

4w
R G vy

Assume the scalar multiplicative identity s is 1 so that 1 ® £ = Z. Substi-
tuting in the definition we have

]_ —
1 r = =7
()7 e - T

(I4+z)—(1—2)=z[1+2z)+ (1 —x))
l4z—14z=c+2>+z—22
l—l4+z+z=z+z+2°—=

2 = 2x
lod==72

2

V is a vector space.




