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How to use this outline

The homework is divided into chapters and sections according to the book.
Each section is further divided into groups of exercises related by their focus on
a particular skill or method.

Beside each group of exercises is a bar of three blocks that indicate where
attention should be focused. In order from most to least important, these indi-
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never attempted;

not adequately prepared;

need practice;

generally comfortable, but specific questions need practice; and

comfortable.

Homework pages are numbered according to the chapter (Ch), section (8§),
subsection (§8§), and page of work (p) in that subsection, written as

Ch.§.85 —p.
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Chapter 4
Vector Spaces

4.1 Vector Spaces and Subspaces

1-31, 35, 36

4.1.1 (1-4) Understand properties of vectors and vector
spaces

4.1.2 (5-8) Use properties of vectors to identify vector
spaces

Determine if the given set is a subspace of P, for an appropriate value
of n

5. All polynomials of the form p(t) = at? where a € R

Yes; the set is Span {t?}, so p(t) is a subset of at least P3 (which has the basis
[1,6,£%]).

4.1.3 (9-12) Use properties of subspaces to construct a
vector that spans a specific line in R?

s
9. Let H be the set of all vectors of the form | 3s |. Find a vector ¥ in R?
2s
such that H = Span {#}. Why does this show that H is a subspace of R3?

1
H = Span {#} is a subspace of R* when @ = | 3 | because Theorem
2

in Lay (p. 196) states that the span of any vectors in a vector space V is a
subspace of V.

4.1.4 (13-14) Understand the relationship between the
span of a set of vectors and subspaces

1 2 4 3
13. Let v; = 0 |,950=1|1|,03=| 2 |,and=]1
-1 3 6 2

(a) Is @ in {71, ¥ U3}? How many vectors are in {4, U ¥3}?

Exercises to practice

Questions to ask




2 4.1 VECTOR SPACES AND SUBSPACES

W is not in {¥, U2, Us}; there are three vectors in {4, U2 93} and none of them
is equal to .

(b) How many vectors are in Span {¥;, U, U3}?

There are infinitely many vectors in the span of {#7, ¥ ¢i3}: all the vectors that
can be made by a linear combination of {77, U U3} with weights on each. ¥,
and 73 are not independent, however, so they span the same vectors; that is
Span {01, U2, U3} = Span {#1 } U Span {#,}.

(c) Is & in the subspace spanned by {¥, U2 ¢i3}? Why?

We're asked if there is a linear combination of vectors in {77, U2 U3} that equals
W i.e. is there any ¢3 such that cyv) + cotlh + 303 = W7

At a glance we can see that @ is the sum of ¥} and v5 with weights (1, 1).
In fact U3 and ¥ are not independent so either, but not both, is necessary (the
weights differ between choices):

. . 1o2] 1-141-2 3
5 53][1/2}[771 @]H 0 1 H 1.041-1 [ =11
~1 3 1-—141-3 2

4.1.5 (15-18) Use properties of vector spaces to construct
vectors that span a space W or to show why W is
not a vector space

In exercises 15—18, let W be the set of all vectors of the form shown,
where a, b, and c represent arbitrary real numbers. In each case,
either find a set S of vectors that spans W or give an example to
show that W is not a vector space.

3a+b
15. 4
a—5b

Notice that the second row does not depend on any variable and is not equal to
zero; this means that any vector we construct in W will have a value of 4 in the
second row, so we cannot construct the zero vector in W and W is not a vector
space. For example let a = b =0, and

0

4| £0
0

Vector Spaces



3 4.1 VECTOR SPACES AND SUBSPACES

Additionally if we added any two vectors in W then the resultant vector
would not be in W and W would not be closed under addition (again not a
vector space)

0 0 0 3a+0b
4 1+ 4| =|8|# 4 | for any (a,b)
0 0 0 a — 5b
—a+1
16. a — 6b
2b+a

Represent W in parametric vector form:

—a+1 -1 0 1
a—6b | =a 1|1 +b] -6 |+1]0
2b+a 1 2 0

Notice that there is a constant displacement (1,0,0) from the origin. The only
possible zero vector then would be one with a = 1 to cancel that displacement
in the first row; however when a = 1 then b must be positive to subtract to zero
in the second row (specifically b = 1/6). When a = 1 and b is positive the third
row will only have a positive nonzero value, so the zero vector is not in W and
W is not a vector space.

Furthermore this displacement will cause addition in W to produce vectors
outside of W, so W is not a vector space. For example,

-1 0 1
i=Ala bl+c=| 1 —6 |[0 0]+ =10
12 0

0
1
Afa b =10
0

If 4+ @ is in W then there must be some solution for (a,b) that satisfies this
equation. We augment A and put the augmented matrix in reduced echelon
form

-1 0]1 1 0/0
1 6|0 |®EE 19 100
1 210 0 01

and we can see from the third row that there is no solution (0 # 1).

Vector Spaces



4 4.1 VECTOR SPACES AND SUBSPACES

[TT] 4.1.6 (19) Applications: use properties of vector spaces
to show that simple harmonic oscillators comprise a
vector space

19. A mass m is fixed to the end of a spring; the mass is pulled downward
and released so that the mass and spring oscillate in vertical motion. The
displacement y of the mass from its resting position is given by a function
of the form

y(t) = c1 coswt + co sinwt

where w is a constant specific to each spring—mass combination. Show
that the set of all functions described by this form (with w fixed and ¢1, ¢o
arbitrary) is a vector space.

Both coswt and sinwt range on (—1,1) whatever the value of w, and when one
is zero the other is nonzero. So for any real numbers ¢ and ¢ we can choose
some c1, ¢z, such that y(t) = a; in other words y(t) spans the real numbers and

so is a vector space by Theorem in Lay (p. 196).

[TT] 4.1.7 (20) Connections to Calculus: use properties of vec-
tor spaces to show that continuous real-valued func-
tions on a closed interval are a subset of all real-
valued functions on that interval

20. The set of all continuous real-valued functions on [a,b] in R is denoted

by Cla,b]. This set is a subspace of the vector space of all real-valued
functions defined on [a, b].

(a) What facts about continuous functions should be proved in order to deter-
mine that Cla, b] is a subspace?

1. Closed under addition: the sum of continuous functions is continuous.

2. Closed under scalar multiplication: the scalar multiple of a continuous
function is a continuous function.

3. Contains the zero vector: the function f(z) = 0 is a continuous function
such that g(z) + f(z) = g(x) for any g and any x.

(b) Show that {f in Cla,b] : f(a) = £(b)} is a subspace of C|a, b].
The class of functions that map unique inputs to the same output is the class

of non-invertible functions.

1. Closed under addition: let f(a) = f(b) = n and g(a) = g(b) = m. Now
(f +9)(a) = f(a) +g(a) = n+m and (f +g)(b) = f(b) + g(b) = n +m,
and n 4+ m =n+ m.

Vector Spaces
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2. Closed under scalar multiplication: cf(a) = en and c¢f(b) = en and cn =
en.

3. Contains the zero vector: the zero function f(z) =0: f(a) = f(b) = 0.

4.1.8 (21—22) Apply properties of vector spaces and sub-
spaces to sets of matrices

21. Determine if the set H of all matrices of the form [
M2 X2-

a b|.
0 d} is a subspace of

1. Closed under addition:
a b+abia—|—a b+b| |2a 2b72ab
0 d 0 dl | 0 d+d| |0 2d| “|0 d

for any (a,b,d) (see [2]).

oo la bl _|ca cb| |z ¥y .
2. Closed under scalar multiplication: c- {0 d} = {0 cd} = [0 z} which

is in H for any (z,y, z).

3. Contains the zero vector: when (a,b,d) = (0,0,0).

4.1.9 (23—24) Support or contradict statements about the
properties of vectors and vector spaces

23. Mark each statement true or false and justify the answer.

(a) If f is a function in the vector space V of all real-valued functions on R and
if £(¢t) = 0 for some ¢, then f is the zero vector in V.

False; f is a function which passes through the origin, but there may be infinitely
many functions which pass through the origin. The zero vector in V' is g such
that g(t) = 0 for all values of t and there is exactly one such function.

(b) A vector is an arrow in three-dimensional space.

False; we're better than this

(c) A subset H of a vector space V is a subspace of V' if the zero vector is in
H.

Vector Spaces
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False; the vectors in H may be closed under addition and scaling in V' but not
in H; they must also be closed in H for H to be a subspace.

(d) A subspace is also a vector space.

True; any subset of a vector space inherits seven of the ten properties of vector
spaces from the elements themselves, and all elements in the subset are vectors
by definition of a subset of a set of vectors. The remaining three properties are
implied by the definition of a subspace.

(e) Analog signals are used in the major control systems for the space shuttle,
mentioned in the introduction to the chapter.

This is a weird question, but yes, the space shuttle control systems include
analog signals. There may be fully-analog control loops which command analog
devices with continuously-valued signals in direct response to feedback from
analog sensors (also reporting continuously-valued signals). Such a system is
designed directly from the physics of electromagnetics and electrochemistry.
Commonly, although perhaps not commonly at the time of the space shuttle’s
development, the control loop is instead modulated by a digital system; in this
case the digital stage receives inputs from ADCs (Analog-to-Digital Convert-
ers) that receive input from analog devices (possibly after one or more filtering
stages). A digital control system is designed with consideration for the dynamics
of digital logic elements more than for the physics that govern analog systems.

4.1.10 (25-30) Demonstrate understanding of properties
of vector spaces by citing which are necessary to
validate given claims

25. Suppose that @ in V' has the property that @+ @ = W+ ¢ =« for all 4 in

V. In partlcular 0 + @ = 0. But 0+ @ = &, by the zero vector Axiom.
Hence @ =0+ 0 = 0.

4.1.11 (31) Show why a subspace that contains some vec-
tors also contains their span, and why their span is
the smallest subspace that contains them

31. Let 4 and v be vectors in a vector space V, and let H be any subspace of
V that contains both @ and ¢. Explain why H also contains Span {, 7'}.
This shows that Span {@, ¢} is the smallest subspace of V' that contains
both 4 and 7.

Vector Spaces
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If H is a subspace then it must be true that scalar multiplication of vectors is
closed in H—meaning any vectors in H scaled by any real number ¢ produce
vectors that are are also in H. Additionally the sum of any vectors in H is also
in H because subspaces are closed under vector addition.

The span of @ and ¥ is the set of all linear combinations of # and ¢, meaning
any combination of the form a# + b = w; the set of all w in this case is
Span {@,7}. We can see that the span comprises vectors in H combined by
vector addition and scalar multiplication—both operators that are closed in H.
So any vector o in Span {#, ¢} is also in H.

4.1.12 (35-36) Use a calculator to determine if a vector is
in the subspace spanned by some other vectors

35. Show that 7 is in the subspace of R* spanned by 7, ¥, U3, where

9 8 —4 -7

I I T I O T I IR
- —4 s V1 — -3 y V2 = -9 » U3 — -5

7 9 -8 —18

We're asked to find a linear combination of {¥, i, U3} that produces the vector
. In parametric form,

W = 2101 + x9Us + T3Us3

If a solution exists then the vector & = (x1, 22, x3) is the solution to the matrix
equation
A =

where A = [171 Vg 173]. We solve & by augmenting A with & and taking the
reduced echelon form:

8 —4 -7 9 1 0 0 1
—4 3 6| —4 RREF 01 0|-2
-3 -2 -5|—-4 0 0 1 1

9 -8 -—18 7 0 0 0 0

In echelon form we can see that & = (1,—2,1,0), meaning & is the combination
U1 — 205 + U3. The final row is (0,0, 0,0) because there is no fourth vector
to have a weight in #; so x4 can have any value and it does not determine the
value of any component in . Consequently 47 is in the subspace of R* spanned
by {1, U2, U3}, but that subspace is isomorphic to R? because the fourth degree
of freedom is degenerate (there is no vector in the subspace to which the fourth
coordinate can map).

Vector Spaces
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4.2 Null Spaces, Column Spaces, and Lin-
ear Transformations

1-33, 35, 37-39

4.2.1 (1-2) Determine if the given vector is in the null
space of the given matrix
1 3 =5 -3
1. Determine if o = 3 | isin Nul A, where A = 6 —2 0
-4 -8 4 1

We're asked to determine if the vector @ is in the set of vectors mapped to
the zero vector by the transformation T'(Z) = AZ (the kernel of T'). In other
words, we're asked to find a set of solutions for Z such that AZ = 0—this is
Nul A—and to test if @ € #. We solve & by augmenting and taking the reduced
echelon form:

3 -5 -3|0 1 0 4]0
A d=| 6 -2 olo|™8 |0 1 340
-8 4 110 0 0 0|0
Tr3 =S
x1 = —Vaxg = —1/as
X9 = —3/axg = —3/as
So
_1/4

NulA =As | —3/4
1
where s is any real number. If @ € Nul A then there is some s such that
_1/4

w=s| —3/4
1

We solve for s algebraically on a per-row basis,

1 —1/1s —1/4(—4) 1
W= 3| =] =3as | = | =3/a(—4) | =
—4 s —4 —4

and we see that @ is in Nul A.

Exercises to practice

Questions to ask
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4.2.2 (3-6) Describe the null space of the given matrix by
finding vectors that span the null space

In exercises 3—6, find an explicit description of Nul A by listing vec-
tors that span the null space.

1 3 5 0
sas[bi 0]

Ty — Tx3 +6x4 =0

To +4x3 — 224 =0

T3 =S5

x4 =1
We see that the third and fourth coordinates are independent: A maps a plane
through the origin to the zero vector in R* (the origin is included when s =

t = 0). The plane is in R* because A is a mapping from a space with two
coordinates to a space with four coordinates.

x1 =T7s — 6t
Ty = —4s + 2t
7s — 6t
Span {#} = Nul A = —dst 2; for all real numbers s, ¢

t
We list two vectors in Nul A: when (s,t) = (0,1) and (1, 0), respectively:

7(0) — 6(1) —6 7(1) — 6(0) 7
—4(0)+2(1) | | 2 —4(1)+2(0) | | —4
0 0’ 1 1

1 1 0 0

4.2.3 (7-14) Use properties of vector spaces to prove that
the given set is a vector space, or give a specific
example proving it is not

Use an appropriate theorem to show that the set W is a vector space,
or find a specific example to the contrary.

Vector Spaces
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a

7. W = b . a —|— b + Cc = 2
C

W is not a vector space because it does not contain the zero vector. There is
no (a, b, ¢) such that
a+b+c=2 (1)

that also satisfies
<a7 b’ C> + <:L.7 y? Z> = <x7y7 Z> (2)
The only vectors that satisfy (1) have at least one nonzero entry:

(2,0,0),(0,2,0),(0,0,2)

Any such vector cannot satisfy (2), so there is no zero vector in W.

4.2.4 (15-16) Work backward to construct a matrix that
has the given column space

Find A such that the given set is Col A

2s + 3t
r+s—2t
15. At s :rys,teR

3r—s—t

By definition, the column space of A is the set of all linear combinations of the
columns of A (Lay p. 203). This question asks us to find some vectors such
that all their linear combinations are described by the given set.

Vectors in the set are linear combinations of three vectors with weights r, s,
and t, described by the parametric form

0 2 3
r 1 +s 1 +t -2
4 1 0
3 -1 -1

We let the weights r, s,t be the respective entries (x1,z2,23) in a vector & and
rewrite the parametric set as the matrix equation

0 2 37
. 1 1 -2 ! -
A=\, 1 o | [T =0b
3 -1 —1 | L*

Now any b in the above equation is a linear combination of the columns of A
with weights given as . The set of all vectors b solving for all weights ' is
Col A.

Vector Spaces
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4.2.5 (17-20) Identify the dimension of the null and col-
umn spaces of the given matrix

For the matrix A, (a) find k such that Nul A is a subspace of R¥,
and (b) find k such that Col A is a subspace of R¥.

2 —6
-1 3

7. A= | _, )
3 -9

The columns of A are linearly dependent, so dimCol A = 1 and Col A is a
one-dimensional subspace of R* (there is one degree of freedom to specify all
vectors in the span of the columns because they span the same vectors). Note
that Col A is not a subspace of R because its vectors have four entries.

To find Nul A we augment and row reduce:

2 —6|0 1 =310
-1 310 RREF 0 0]0
—4 120 0 0]0

3 =910 0 00

There are three free variables in Nul A and one dependent variable. Nul A is
therefore a one-dimensional subspace of R2.

4.2.6 (21-22) Find specific vectors in the null and column
spaces of the given matrix

21. Considering the matrix A from Exercise 17 on this page, find a nonzero
vector in Nul A and a nonzero vector in Col A.

Col A is the set of vectors spanned by the columns of A; in parametric form,

2 —6
coa={t| 1|+ 3| :tser
olA = 4 s| 19|65
3 -9
However, consider when (¢, s) = (3,1):
2 —6 6 —6
-1 3 -3 3 =
Sl | T 2|7 -2 | T 12|70
3 -9 9 -9

Vector Spaces
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These columns are not linearly independent: they span the same vectors. The
column space is therefore the set of vectors when s = 0 (or when t = 0):

2
ColA=(t :4 :teR
3
and one vector from the column space is given when t = 1:
2
I lecoa
4 o
3

We find the equation for vectors in the null space of A by augmenting [A (_)1

and taking the reduced echelon form to identify solutions for & in A% = 0.
Borrowing from Exercise 17, that is

2 610 1 =310
-1 310 | rRrer | O 0]0
-4 1210 0 0]0

3 =910 0 0]0

r] = 3t
T = t

Vectors in Nul A are then solutions for Z = (z1, z2):

NulA =<t :teR

OO = W

and one vector from the null space is again given when ¢t = 1:

€ NulA

OO = W

4.2.7 (23—24) Determine if the given vector is in the null
or column spaces of the given matrix

23. Let A = :g 12 } and W = [ﬂ Determine if @ is in Col A and if @ is

in Nul A.

Vector Spaces
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At a glance the columns of A are linearly dependent; we confirm this by ob-
serving the free variable in the reduced row echelon form:

RREF | 1 -2
A—>{O 0}

We describe Col A by writing A in parametric form:

ColASpan{t{ :g ] :teR}

-3
EBIEDEEES

so w is in Col A when ¢t = —1/3.

and find a solution for ¢ such that ¢ { —6 } = W:

4.2.8 (25—26) Support or contradict statements about the
null and column spaces of an m x n matrix

25. (a) The null space of A is the solution set of the equation AZ = 0.

True

(b) The null space of an m X n matrix is in R™.

False; the null space is the set of solutions 7 in A% = 0; that multiplication is
only defined when Z has as many rows as A has columns. The vectors in the
null space are therefore vectors in R™.

(c) The column space of A is the range of the mapping Z — AZ.

True; the column space of A is all the linear combinations of the columns of
A. One way to generate those combinations is to multiply the m X n matrix
A by a column vector & of n rows; each column is weighted with a value in &
and the columns are summed to give the row of the resultant vector—a linear
combination of the columns of A. So each & gives a unique combination of
columns in A, and the set of all those combinations is the column space of A.

(d) If the equation AZ = b is consistent, then Col A is R™.

False; only if the equation is consistent for all 5,' then there is a solution b for
every Z and transformation by A is a surjection from R™ onto R™.

Vector Spaces
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(e) The kernel of a linear transformation is a vector space.

True; when the linear transformation is a matrix transformation, the kernel is
the null space of its standard matrix. It contains all the vectors whose image
under transformation is the zero vector.

(f) Col A is the set of all vectors that can be written as AZ for some Z.

True; see (c): the column space is the range (output) of the mapping & — AZ.

4.2.9 (27-28) Use properties of null and column spaces to
prove relationships between systems of linear equa-
tions

27. It can be shown that a solution of the system below is 1 = 3, x5 = 2, and
x3 = —1. Use this fact and the theory from this section to explain why
another solution is ;1 = 30, 2 = 20, and z3 = —10 without making any
calculations.

1‘1—31‘2—31?320
—2x1 + 410+ 223 =0
—x1+ 520+ T3 =0

The solutions for Z in this system are vectors in the null space of the matrix
of coefficients on x1,xo,x3 (call that matrix A). That is, the vectors {Z} are
mapped to the zero vector by the linear transformation described by this system,
written as & — AL = 0. The key to answering this question is to observe that the
null space of A is a vector space (specifically a subspace of R?); the implication
being that the solutions for & have the properties of vectors. Vector spaces (and
subspaces) are closed under scalar multiplication, so scalar multiples of Z are
also in Nul A and are solutions to the system.

We're given that one of the solutions for 7 is (3,2, —1), so that vector is—
and all its scalar multiples are—in Nul A. Conversely all the vectors in Nul A
are also solutions for . Nul A is a vector space so it is closed under scalar
multiplication. A scalar multiple of (3,2, —1) is 10 - (3,2, —1) = (30, 20, —10),
which is also in Nul A and so is a solution for Z in the system above.

4.2.10 (29) Prove that a column space is a subspace of R"

Theorem (Lay p. 203) states that “the column space of an m x n
matrix A is a subspace of R™.

29. Prove Theorem as follows: Given an m X n matrix A, an element in
Col A has the form AZ for some # in R3. Let A% and A represent any
two vectors in Col A.

Vector Spaces
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(a) Explain why the zero vector is in Col A.

Col A contains the zero vector at least when & = 0 (the trivial solution for # in
AZ=0).

(b) Show that the vector AZ + A is in Col A.

Let the columns of A be {71,...,0,}. Then AZ = 210; + - -+ x,7, and AW =
WU + - -+ wpUpn. AT+ AW expands to z1U] + - - - + T Uy, + w101 + - - - + Wy U
factoring, we have (x1 +wq) ¥ + -+ + (xn + wy) U,. Let ¢; = z; + w; and
substitute:

(1'1+w1)171+"‘+(xn+wn)ﬁn
:Clﬁl+"'+cnﬁn
= Ac

e R3s0o A? = AT+ AW is in Col A.

(c) Given a scalar ¢, show that ¢(AZ) is in Col A.

Again let the columns of A be {¢,...,0,} so that AT = z10) + -+ + 2, Up;
then ¢(AZ) = cx170; + -+ + cxp¥y,. Let y; = cay, so ¢(AZ) = y101 + -+ - + yYnUn.
Now y; € R?, so ¢(AF) = Ay € Col A.

4.2.11 (30) Prove that a linear transformation 7: V — W
maps a subspace of W

30. Let T': V. — W be a linear transformation from a vector space V into a
vector space W. Prove that the range of T is a subspace of W.

A linear transformation from V to W is a mapping of vectors ¢ in V' to vectors
T(¥) in W (see definition, Lay p. 206). From the definition of a linear transfor-
mation (Lay p. 66) we have two properties that relate the transformation to a
subspace:

o T(i+ ) =T(u)+ T(v) for all 4, v in V
e T(ci) = ¢T'(@) for all scalars c and all @ in V

From the second it follows that the zero vector in V' is mapped by T: let ¢ = 0,
then ¢I'(@) = T(0 - @) = T(0) for every @ in V (see Equation 1 in Lay p.
193). Together with the zero vector mapping, the above two rules are sufficient
to show that T maps a subspace: both addition and scalar multiplication of
images under transformation produce vectors which are the images of other
transformations.

Vector Spaces
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4.2.12 (31-32) Prove that T : P; — R? is a linear transfor-
mation and describe its kernel and range

31. Define T': P, — R2 by T(p) = E’E(g] For instance, if p(t) = 3 + 5t + 7t2,
3
then T'(p) = {15}
(a) Show that T is a linear transformation.

Let p, 7 be some polynomials in Py. T is a linear transformation if T'(p'+ ¢) =
T(P) +T(q) and ¢I'(p) = T(cp). We handle the addition case first:

) = [ZE?H 1@ = [?E%

W

oo [@E+D0)] 1+ @) + (P2 +g2) -0+ (p3 + g3) - 02
T+3) = {(ﬁ+6)(1)} = | (o1 + 1) + (s +42) - 1 + (s + ) 12]

_ P1+q1 ]

|P1+p2+p3+q1+q2+qs3

ﬁ(o)} F(U)} _ﬁ(O)JrCT(O)]
T() +T(J) = + = [P0+t
#+7@ =} A1) + (1)
[(p1 +p2 -0+ p3 - 0%) + (q1+q2~0+q3-02)}
((pr+p2-1+p3-12) 4+ (1 +q2-1+q3-17)
_ [ Pt q

|P1+Pp2+p3+q1+q2+gs3

The result is identical whatever order the operations are formed in, so T is linear
in addition. For scalar multiplication we see the same result:

¢ — .. p(0)] _ [e-p(0)] _ [e(pr+p2-0+ps-0?)

1) = [ﬁ(l)] { W) _c(p1+p2-1+p3-12)}
- . )

|C-P1+C-p2+cC-p3
e )] [epi+(c-p2) -0+ (c-p3)-02

T(Cﬁ)_{ ) _C'p1+(C'p2)'1+(0'p2)'12]

c-p1
|C-P1+C-p2+C-p3]

so T is a linear transformation.

(b) Find a polynomial p’ in Py that spans the kernel of T, and describe the
range of T

Vector Spaces
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The kernel of T is all the vectors that T" maps to the zero vector. That is, any

P € Py such that T'(p) = B;E(l);] = [8] We write out p(0) = 0 and p(1) = 0

with unknown coefficients p;,
P0)=p1+p2-04p3-0°=p; =0
P1)=pi+p2-1+ps-1>=py+p3=0

Substituting s for ps, we have (p1,p2,ps) = (0, —s,s). The kernel of T then is

all polynomials of the form p(t) = —st + st? = st(t — 1) where s € R.
The range of T is R2.

4.2.13 (33) Apply properties of linear transformations to
a transformation between vector spaces of matrices

33. Let Msyo be the vector space of all 2 x 2 matrices, and define T : Msyo —

Maxs by T(A) = A+ A7, where A — {Z Z}

(a) Show that T is a linear transformation.
Linear addition,
T(A+B)=A+B+(A+B)"
T(A)+T(B)=A+ A" + B+ B"
—A+B+ AT + BT Theorem , Lay p. 95

—A+B+(A+B)" Theorem , Lay p. 101
T(A) +T(B) = T(A + B)

and linear scalar multiplication:
cT(A) = c (A + AT) = cA +cA”T

T(cA) = cA + (cA)T = cA + cA” Theorem , Lay p. 101
T(cA)=cT(A)

(b) Let B be any element of Myxo such that BT = B. Find an A in Moy,
such that T'(A) = B.

T(A)=A+ A" =B =BT
B+ BT =2B

Vector Spaces
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(c) Show that the range of T is the set of B in Myx2 with the property that
BT =B.
B=T(A)=A+ AT
T
BT =T(A)T = (A n AT)

—AT +ATT=AT 1 A
=B

It appears that B = BT where B = T(A) for any A in Mayxo.

(d) Describe the kernel of T.

T(A)=A+A" =0
AT =-A

acfr oo Y

This equality holds when

a=—-a=0

d=—-d=0

c=-b
=—c=b

The kernel of T is the set of 2 x 2 matrices { [ 72 8 } }

4.2.14 (35) Observe the relationship between a linear trans-
formation and subspaces of its codomain

35. Let V and W be vector spaces, and let T : V' — W be a linear transforma-
tion. Given a subspace U of V, let T(U) denote the set of all images of
the form T'(Z), where Z is in U. Show that T'(U) is a subspace of W.

Vector Spaces
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T is a linear transformation, so it’s given that T(Z + 3) = T(Z) + T(y) and
cT(¥) = T(cZ¥). By these properties of linear transformations we have the
following conclusions:

e For any vectors # and ¢ both in U, T(Z) and T(%) are both in T(U) so
T(Z+ ) is also in T(U) and T'(U) is closed under addition.

e For any & € U where T(Z) € T(U), ¢ must also be in U (by properties
of vectors) so T'(c¥) = I'(¥) € T(U), so T(U) is closed under scalar
multiplication.

o If T(cZ) € T(U) then T(0- &) € T(U) for any &, so the zero vector is in
T(U).

Those three conclusions are sufficient to determine that T(U) is a subspace.
Because T maps vectors from V to W, all T(U) are in W so T'(U) is a subspace
of W.

4.2.15 (37-38) Use a calculator to determine if a vector is
in the null or column spaces of the given matrix

37. Determine whether « is in the column space of A, the null space of A, or

both, where
1 7 6 —4 1
Lo -5 -1 0 -2
=g A= 9 L1 7 3
-3 19 -9 7 1

w is in Col A if there exists a solution for Z in A¥ = wW. Augment and row
reduce:

7 6 —4 1| 1 1 0 0 -5 1/95
A @] = -5 -1 0 -2 1 RREF 0 1 0 3995 | —20/19
9 —-11 7 -3|-1 0 0 1 267/95 | —172/95
19 -9 7 1(-3 0 0 O 0 0

Not only is w in Col A, but only the first three columns are needed to make .
To find if W € Nul A we need a description of Nul A, so we again augment and
row reduce:

76 —4 1]0 1 00 -0

| -5 -1 0 —2|0|RrrEF| 0 1 0 39%19|0

A 0= g 55 7 30| 0 0 1 2675 |0
19 -9 7 1|0 00 0 00

One variable, x4, is free so we describe Nul A in terms of it:
(Y95) s
_ (=3%19)s |
NulA = (~267/05) s | seR
S

Vector Spaces
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Now we find some s such that s -4 € Nul A according to the description above

s 1 10
-39/19 1 | RrrEr | 0 1
—267/95 —1 1o o0
1 -3 0 0
(1/95) 1
This appears to say that (~35/19) = 1 ] which is false, so W is not in
(7267/95) —1 )
1 -3

Nul A.

4.2.16 (39) Use a calculator to find a set of vectors that
span the null space of the given matrix; use defi-
nitions of column spaces to prove relationships be-
tween the matrix and some given vectors

39. Let dy,...,ds denote the columns of the matrix A, where
5 1 2 2 0
3 3 2 -1 —-12 S
A=lg 41 5 1| Bl@ @& a
2 1 1 0 =2

(a) Explain why a3 and @5 are in the column space of B.

This would be the case if d3 and ds were not linearly independent columns of
A. We check that by row reducing:

10 Ys 0 103

RREF | O 1 1/3 0 —26/3
A= 100 01 4
00 00 0

Indeed we see there is no pivot position for the third or fifth columns of A, so
ds and @y are not linearly independent in A so are in the span of {a,ds,ds}.

(b) Find a set of vectors that spans Nul A.

Augment and row reduce to find a description of Nul A (note: this is the reduced
form found in part [a]):

1 0 13 0 103]0

RREF [ O 1 1/3 0 -26/3|0
A= 100 01 Zilo
0 O 0 0 010

Vector Spaces
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We describe Nul A in parametric form, substituting ¢t = x3 and s = x5:

~1/3 ~10/3

~1/3 26/3

NulA=<t 1| +s 0]:stelR
0 4
0 1

(c) Let T : R® — R* be defined by T(¥) = AZ. Explain why T is neither
one-to-one nor onto.

T cannot be one-to-one or onto because there are only three independent vectors
in the columns of its standard matrix A; T" therefore maps to a three-dimensional
subspace of R%. There are neither enough basis vectors in the range of T to
uniquely map each vector in R® (so T is not one-to-one); nor are there enough
to represent all the vectors in R* as linear combinations of them (so T is not
onto).

Vector Spaces
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4.3 Linearly Independent Sets; Bases

1-25, 33, 34, 37

4.3.1 (1-8) Identify bases of R?; show that linear inde-
pendence and spanning are necessary properties of
a basis

Determine which sets of vectors are bases for R?. Of the sets that
are not bases, determine which ones are linearly independent and
which ones span R? and justify these determinations.

1 1 1
1. lo|,|1],]1
0 0 1

If we create a matrix A by concatenating the given vectors as columns we see
that the rows are already in echelon form and there is a pivot in each column.
Because there are three rows and also three pivots, by properties of invertible
matrices we can infer that

e the given vectors are linearly independent
e the linear transformation T'(¥) = AZT is a surjection (T : R?® — R3)
e the given vectors span R3

Any of these properties is sufficient to prove that the vectors are a basis for R3.
By the spanning set theorem ( in Lay p. 212) we can say that a basis for
R3 is formed by the minimal set of the given vectors that spans R3; here that
minimal set is all three of those vectors.

4.3.2 (9-10) Find as basis for the null space of the given
matrix

Refer to Example in Section 4.8 (Lay pp. 202-203):

Find a spanning set for the null space of the matrix A. The first step
is to find the general solution of AZ = 0 in terms of free variables.
Take the reduced echelon form of the augmented matrix [A 6] and
write the basic variables in terms of the free variables. Write the
resultant system in parametric form where the weights are the free
variables. Every solution to this parametric equation is an element
of Nul A.

1 0 -3 2
9. | 0 1 -5 4
3 -2 1 -2

Exercises to practice

Questions to ask
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Let A be the given matrix. A basis for the null space of A is a set of vectors
that spans Nul A. We first find a parametric equation for the elements of Nul A

1 0 -3 210 RREF 1 0 -3 20
A 0)=]|0 1 -5 4/0| = [0 1 -5 4|0
3 -2 1 =210 0 0 0 00

I 31‘372174_ 3 -2

o |z2| _ |5w3z —4dxs| 5 —4

T = vs| = - =3 1 + x4 0

T4 T4 1 0 1

All the vectors in Nul A then have some coordinates (x3,xz4) in the equation
above. The vectors in that equation then are a basis B for Nul A:

3 -2
) —4
b= 1]’ 0
0 1

4.3.3 (11) Find a basis on a specific plane in R?

11. Find a basis for the set of vectors in R? in the plane x + 2y + z = 0.
The set of vectors on a plane in R? is described by

T
V= Y

z

x+2y+z=0and z,y,z € R

. V is a set of vectors in R3, but it is a subspace of R? and is isomorphic to
R?; that is, there are not three independent basis vectors for V—there are two
independent vectors weighted by (y, z) and one dependent vector weighted by
x. The third vector does not span any vectors not spanned by the first two and
so0 is not part of a basis (a minimal spanning set); instead it is solved in terms
of the other vectors, which we see below.

We find that V is isomorphic to R? when isolating a variable in the equation;
whatever variable we choose we may solve for it in terms of the other two, but
we can’t solve more than one variable. As above we let 2 be the dependent
variable:

rT=-2y—=z

Now we may write the coordinate of any vector in V' as described above, but
we substitute x with the variables on which it depends:

—2y—z
V= Y
z

Vector Spaces
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Writing this in parametric form we have weights y, z on vectors ¥, U such that
V' is all the linear combinations yv/; + z05. We let 1 = y and z2 = z and we
have

—2 —1
V= 1 —+ 2o 0
0 1

It follows that these vectors span V with coordinates & = (x1, z2). As a matrix
equation,

-2 -1
AZ=1| 1 0 [xl] —FecV
0o 1|

Those vectors which combined in the parametric form and which form the
columns of our matrix A are a basis that span V.

4.3.4 (12) Find a basis on a specific line in R?

12. Find a basis for the set of vectors in R? on the line y = 5x.

The set of vectors V = { {ﬂ ry=>5x and z,y € R} is a subspace of R? that

is isomorphic to R'. As in Exercise 11 on the previous page, we write the
parametric form of this set, replacing the dependent variable with its equivalent
function of the independent variable

V:{[EZ]}
v={L}

An obvious basis vector for V is [5} This exercise spurs some interesting

imaginations about the relationship between this basis vector and the derivative
of the function y = 5z—-consider that all basis vectors for V' have the same angle
(or its inverse) and how that angle is related to y/ = 5.

4.3.5 (13-14) Use two row equivalent matrices to find
bases for the null and column spaces of one of them

Assume that A is row equivalent to B. Find bases for Nul A and
Col A.

-2 4 -2 —4

1
13. A=| 2 -6 -3 1|,B=10
—3 8 2 -3 0

o NN O
O ot o
O W Ot

Vector Spaces
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Row equivalence gives us that any column dependence in B must also exist in
A. We see that B has two free variables, x5 and x4, so we may infer that Col A
is the span of the independent vectors @i, ds and these also form a basis B for

2 4
B= 2 |, | -6
-3 8

To find a basis for Nul A we first find a description for the vectors in Nul A4;
one such description is the solutions for & in AZ = 0. We can solve this easily
by considering B as an echelon form of A:

1 +6t+55=0
2x9 +5t+3s5s=0

I3 = t

Ty =S
—6t — 5s —6 -5
o |(F2)t = () s| _ | TY/2 —5/2
r= t =1 1| 0
S 0 1

The solutions for & are the vectors in Nul A, so the two vectors in the parametric
equation span Nul A and thus form a basis C for Nul A:

—6 -5
e | | e
¢= 11’ 0
0 1

4.3.6 (15-18) Find a basis for the space spanned by the
given vectors

] 0 3 | 9
0 1 4 3 1
el a bl o o] 1| =s || -6
9 3 6 7 9

The space V spanned by these vectors is the space spanned by the largest subset
of them that is linearly independent. It’s not given whether any of the vectors
are linearly independent, so we have to identify the spanning set by looking at
the reduced echelon form of their matrix A:

1 0 -3 1 2 0 -3 0 4
0 1 —4 -3 1 |rrEF| O —4 0 -5
A=
3 2 1 -8 6| | o o o/[1] -2
2 -3 6 7 9 0 0 0 0 0

Vector Spaces
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There are only three pivot columns in the matrix (indicated) so only three of
the vectors are linearly independent. The dependent vectors are not part of a
basis for V. The space V spanned by these vectors is in fact the column space
of A and the independent vectors are a basis B for it:

1 0 1
0 1 -3
B= -3 |’ 217 -8
2 -3 7

4.3.7 (19-20) Find a basis for the space spanned by non-
independent vectors; how many bases are there?
What is the relationship between the vectors’ in-
dependence and the bases?

4 1 7
19. Let vy = | =3 | ,0h = 9 |, 3= 11 |, and H = Span {¥;, Ua, U3 }.
7 -2 6

It can be verified that 4¢7 + 505 — 303 = 0. Use this information to find a
basis for H. There is more than one answer.

H is the column space of the matrix A = [171 Vg 173] We construct and
analyze that matrix:
4 1 7
A=| -3 9 11
7 -2 6

We’re given one vector in Nul A, (4,5, —3), and it is not the zero vector—so we
know that not all of these columns are independent and the dimension of H will
be lower than 3. Taking the reduced echelon form of A we see there are two
pivots

1 0 4/
ATET L 0 1 5
00 0

so the dimension of H, and the number of vectors in its bases, is two. Any two
of ¥, Uy, U3 are linearly independent, so possible bases for H include {¢, 75},
{1, 03}, {U2,7U3}, among others.

4.3.8 (21-22) Support or contradict statements about bases
21. (a) A single vector by itself is linearly dependent.

False; vectors are linearly dependent when their combination has at least one
nontrivial solution of coefficients to equal the zero vector. A single vector cannot

Vector Spaces
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have nontrivial coefficients to equal the zero vector unless it is the zero vector,
in which case all combinations equal the zero vector.

4.3.9 (23) Explain the connection between span, linear
independence, and bases

23. Suppose R* = Span {#,...,vs}. Explain why {#,...,7,} is a basis for
R*.

By the definition of a basis (Lay p. 211), if {#},..., 74} is a linearly independent
set and Span {¢1,...,7s} coincides with a subspace H then {01, ...,7,} forms a
basis for H. By properties of invertible matrices, if {¥1,...,7s} are the columns
of a matrix A and the columns of A span R* then the columns of A are linearly
independent. Span {#y,...,%,} is given to coincide with R* so {#y, ..., 7} must
be linearly independent and therefore form a basis for R*.

Additionally, by the spanning set theorem (Lay p. 212) if S = {¢},...,74}
and H = Span {#1, ..., 7} then some subset of S is a basis for H.

Finally Theorem @ in Lay (p. 214) states that “the pivot columns of a
matrix A form a basis for Col A.” If {¢4,...,7,} are the columns of a matrix
A then A is an m x 4. The columns of A span R* so by properties of invertible
matrices A has four pivot columns; by Theorem @ then the columns of A form
a basis of four vectors. By the definition of the dimension of a vector space (Lay
p. 228), dim Span {#,...,7;} = dimR?* = 4, so the columns of A are a basis
for R,

4.3.10 (33-34) Determine if a set of polynomials is a lin-
early independent set of vectors; find a basis for
them

33. Consider the polynomials py(t) = 1 +t* and pa(t) = 1 — 2. Is {1, P2} a
linearly independent set in P37 Why or why not?

The standard basis for P53 is {1, t, t2} so the standard basis coordinate for py, pa
are

1 1
ﬁl = 0 7ﬁ2 = 0
1 -1

At a glance we can see that these vectors do not have a scalar ratio relating
them and so they are linearly independent. We can test this by reducing the
matrix A = [}3’1 ﬁg] to echelon form and observing the pivot columns:

11 10
A=1o0 o |®BE | o 1
1 -1 0 0
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Each vector has a pivot column in A so they are linearly independent.

4.3.11 (37) Prove that a set of functions on R is linearly
independent

37. Show that {¢,sin¢, cos 2¢,sint cost} is a linearly independent set of functions
defined on R. Start by assuming that

c1-t+co-sint+c3-cos2t+cyq-sintcost =0

This relation must hold for all ¢t € R, so choose several specific values of ¢
(e.g. t =0, .1, .2) until you get a system of enough equations to determine
that all the c; must be zero.
We let t be each of the values in { 0,7, 3, %} and observe the system of equations:
c1-04+co-0+c3-14¢4-0=0
01'7T+62'0+C3'1+C4'0:0

m
61'5-1-02'1-1-03'(—1)—1-64'0:0

s 1 1
ci-—+co-—=—+c3:-04+c4-=—=0

4 V2 2

Solving for ¢ in A = 0, the augmented matrix of coefficients is

0 0 1 010 1.0 0 00

. s 0 1 0|0 |rrer | 0 1 0 0|0

[4 6] | /2 1 -1 010 0 01 010
/4 Yvz 0 /2|0 00 0 1]0

Each variable has a pivot position in A so the only solution for & in AZ = 0 is
the trivial one and the functions are linearly independent.

Vector Spaces



30

4.3 LINEARLY INDEPENDENT SETS; BASES

Vector Spaces



Chapter 4 Vector Spaces 31

4.4 Coordinate Systems

1-17, 27-36

4.4.1 (1-4) Transform the given vector from B coordinates
to standard basis coordinates

ve={[ 2[5 him= [

Construct the change-of-coordinates matrix for £ « B
> o 3 —4
Pg*‘*“[bl bQ}_[—5 6}

Transform the vector in B coordinates by the change-of-coordinates matrix

Peslils=| 2 o |3 = 82 i | =] e || ]

Exercises to practice

4.4.2 (5-8) Transform the given vector from standard ba-
sis coordinates to B coordinates

Find the coordinate vector [Z], of & relative to the given basis B =

A
e[ 4] o[ e[

The change-of-coordinates matrix from B to F is

pes-li 8][4 2]

and the change-of-coordinates matrix from F to B is the inverse of that

o1 [ 1 2|1 0]lrrer[1 0] -5 -2
PB“5P€~B_[—3 ~5]0 1__>{0 1| 3 1}

-5 =2
PB(—S[ 3 1}

Questions to ask
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4.4.3 (9-10) Write the change-of-coordinates matrix from
B to the standard basis (as in 1-4)

s (ARl

We construct the change-of-coordinates matrix from B to F as the matrix that
transforms the basis vectors in B to the standard basis. The vectors given are
in standard coordinates, so that matrix is simply

o= 8]-[ 3 1]

4.4.4 (11-12) Find the change-of-coordinates matrix and
use its inverse to transform the given vector from

B coordinates to standard basis coordinates (as in
5-8)

Use an inverse matrix to find [Z], for the given Z and B.

wos={[ 3] [ ] 2]

Construct the change-of-coordinates matrix from B coordinates to standard
basis coordinates.

L 3 4
Pf“Bz[bl b2}2[5 6]
Pp s =Pgly
_ 3 —4|1 0 RREF 1 0 -3 =2
-5 6 |0 1 0 1|-52 =3/

Poce=| 5 i)

Use the inverse change-of-coordinates matrix to convert & from standard basis
coordinates to B coordinates.

[7]5 = Ppe (¥) = _ 7;/5’; 7;/2 ] [ _z }

- 2(=3) —6(—(2) } _ [_6+12]
:2(75/2) —6(—3/2) 549
@] = j]

Vector Spaces
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4.4.5 (13-14) Given a basis B for P, transform the given
vector to B coordinates

13. The set B = {1 +2 2142t + t2} is a basis for P,. Find the coordi-
nate vector of j(t) = 1 + 4t + 7t? relative to B.

The vectors in B can be written in terms of their coordinates on the standard
basis E for Py ({1,t,t*}):

o= {5, B, B} = ol 1] |

1 1 1

The change-of-coordinates matrix from B to standard basis coordinates com-
prises these standard coordinates of the vectors in B. Vectors not labeled with
a basis are assumed to be in standard basis coordinates:

1 0 1
PgFBZ[bl by bg}z 01 2
111

and from the standard basis to B, the change-of-coordinates matrix is

-1

1 01 [ 12 =12 1)2
P e=P;ly=10 1 2| =] -1 0 1
111 o 12 —1/3

To convert p(t) from standard to B coordinates we multiply:

[P(t)]g = Ppepl(t)

[ 12 -1 1 [1
=1 -1 0 1 4

o 1/2 —1/9 7

[1/2 — 4/2 + 7/2 2
= 147 = 6
|2+ 42 =T/ -1

thus p(t) in B coordinates is [p(t)]; = 2 + 6t — .

4.4.6 (15-16) Support or contradict statements about a
vector space V, a basis B for V, and the change-of-
coordinates matrix Pgs_p

15. (a) If Z is in V and if B contains n vectors, then the B-coordinate vector of
Z is in R™.

True; If B contains n vectors then [Z], has n entries and so is in R™.

Vector Spaces
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(b) If P¢._p is the change-of-coordinates matrix, then [Z],; = Pg_gZ for & in
V.

False; Pg. g is the change-of-coordinates matrix from B coordinates to standard
basis coordinates. ¥ is a standard basis coordinate vector, so the matrix that
changes 7 to [7] is Pp.g = Pzl .

(c) The vector spaces P3 and R? are isomorphic.

False; the vector space P3 contains polynomials of degree 3 which have the form
¢1 + oz + csx? + cqx®. Coordinate vectors in P3 have four entries (c1,c2,c3,C4)
while coordinate vectors in R® have three entries.

4.4.7 (17) Demonstrate how vectors that do not form a
basis are linearly dependent by writing them as com-
binations of each other

17. The vectors U7 = [ _é } , Uy = [ _z } ,U3 = { _3 } span R? but do

. . . 1 .
not form a basis. Find two different ways to express [1 as a linear

combination of ¥, Uy, U3.

We find a description of all the vectors & of weights such that x1 v +x20s4+x303 =
(L,1)

xr1 = 5+ 5t
X9 = —2—1
T3 = t
5 5
T=t| -1 |4+]| -2
1 0
We’ve now described “(1,1)” space for A; choosing the coordinate ¢ gives us a
unique & such that AZ = (1,1):
10 ]
S . | 10-6-3 | |1
lett=1 &= fil% , Ax—{_30+24+7}—[1}
- 15 .
S L | 15=-8-6 | |1
lett=2 &= *;1 , AT= {45+32+14} - H

Vector Spaces
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4.4.8 (27-31) Write the given polynomials as coordinate
vectors in P, and test their linear independence

27. 1423, 24+t —3t2, —t4+2t2 — 3

Being third degree polynomials these are vectors in P; where the standard basis
is {1, t,12, tg}. Their respective coordinate vectors then are

1 2 0
0 1 -1
ol =31’ 2
2 0 -1

Test linear independence by constructing a matrix with columns of these vectors
and put it in reduced echelon form:

1 2 0 1 0 0
0 1 =1 |rrer | 0 1 O
0 -3 2 0 0 1
2 0 -1 0 0 O

We have three pivots for three vectors so they are linearly independent and form
a basis in P3.

4.4.9 (32) Use coordinate vectors (as in 27-31) to show
that the given polynomials form a basis for Py; find
a change-of-coordinates matrix for that basis and
apply it to the given vector

32. Let p1(t) =1 +t2, pa(t) =t — 3t2, pa(t) = 1+t — 3t°.

(a) Use coordinate vectors to show that these polynomials form a basis for Ps.

The standard basis for Py is € = {1,t,t?}; the standard basis coordinates of
ﬁlaﬁZuﬁ:ﬂ are then

1 0 1
ﬁl = 0 7172 = 1 7273 = 1
1 -3 -3

We test linear independence by constructing a matrix []5'1 Do ﬁg] and taking
its reduced echelon form:

1 0 1 10 0
0 1 1 |™E 1o 10
1 -3 -3 00 1

The matrix has three pivot columns so {p1, P2, p3} is a linearly independent set.
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(b) Consider the basis B = {p1,p2,p3} for Po. Find ¢ in Po, given that [¢]; =
—1
1
2

Construct the change-of-coordinates matrix from B to the standard basis £ as
Peg=[p1 P2 P3| and multiply by [¢]4 to obtain ¢:

1 0 1

Pe =10 1 1

1 -3 -3
1 0 1 -1 1
qd= Pge.p [CI]B =10 1 1 1| = 3
1 -3 -3 2 —10

4.4.10 (33—34) Use a calculator to test if the given poly-
nomials form a basis for P3; explain how this is
determined

33. 34+ 7t, 5+t —2t3, t —2t2, 1+ 16t — 6t2 + 2t3

The standard basis for Ps is {1, t,t2, t3} and the matrix of standard basis coor-
dinates of these vectors is

3 5 0 1 1 0 0 2
A— 7 1 1 16 RREF 01 0 -1
0 0 -2 —6 0 0 1 3
0 -2 0 2 0 0 0 0

The standard basis for P3 has four vectors so by the definition of dimension
dimP3; = 4 and all bases for P3 have four vectors. Every basis consists of
linearly independent vectors; there are not four linearly independent vectors in
the given set so they cannot span P3 and cannot form a basis for it.

4.4.11 (35-36) Construct a subspace H from the given ba-
sis vectors v, and transform the given vector 7 to
that basis; how do you test if 7 is in H?

35. Let H = Span {¢, 02} and B = {#,02}. Show that Z is in H and find the
B-coordinate vector of Z, for

11 14 19
. 5| . 8| . 13
=0 [T g T s

7 10 15
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The dimension of H is the number of vectors in its bases; {U;, U2} span H and
so form a basis for it, therefore dim H = 2. Let A be the matrix [171 172}. If
Z € H then there exists a solution for ¢ in Ay = #. Augment [A f] and row
reduce to find the solution for ¢/, if it exists:

11 14| 19 1 0| -5

5 | =5 —8|—-13 |RrrEF | O 1| 8/3

(4 7] = 10 13| 18 0 0| 0
7 10| 15 00| 0

Every vector in A has a pivot in the reduced echelon form so the solution for ¢

5/3
8/3
Peop = [171 172]. Changing a vector from B-coordinates to standard basis
coordinates takes the form Pg._g[v]z = ¥, which is identical to the above form
Ay = Z. Tt follows then that the solution for g is the B-coordinate vector

[ﬂs = [ _Zﬁ }

exists and is [ - } . Now, A is identical to the change-of-coordinates matrix
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4.5 The Dimension of a Vector Space

1-30, 33

4.5.1 (1-8) Find a basis for the given subspace and state
the dimension of the subspace; understand how di-
mension of a subspace is related to the dimension of
its bases

For each subspace, (a) find a basis and (b) state the dimension.

s — 2t
1. H= s+t|:steR3
3t

(a) A basis for H is a minimal set of vectors that spans it. From properties of
invertible matrices we can deduce that any linearly independent set of vectors in
a vector space V will span V and thus will be a basis for V. Also from properties
of invertible matrices we know that a linearly independent set of vectors in an
n-dimensional vector space will have n pivots and therefore must comprise n
vectors. Additionally, from the basis theorem ( in Lay p. 229) we know that
n linearly independent vectors span an n-dimensional vector space and form a
basis for that space.

A set of basis vectors is immediately apparent when we write H in parametric
form. Consider that s and t are coordinates of vectors in H and look at how
linear combinations of those coordinates form vectors in H

s—2t 1 —2
s+t =s (1| +t¢ 1
3t 0 3
1 —2
Clearly a basis for H is 1], 1 . The dimension of H is defined as
0 3

the number of vectors in a basis for H, so dim H = 2.

4.5.2 (9) Construct a subspace from the given constraint
on R? and find its dimension; understand what kind
of subspace the constraints describe and how its
bases relate to its dimension

9. Find the dimension of the subspace of all vectors in R? whose first and third
entries are equal.

Exercises to practice

Questions to ask
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This is the set
s

H= t| :s,te€R
S
Its members can be expressed by the parametric form
1 0
5101 +t]|1
1 0

in which (s, t) constitute coordinates in a 2-dimensional subspace of R?. Thus
the set H is a subspace of R? that is isomorphic to R2.

4.5.3 (10-12) Given a set of vectors, find the dimension
of the subspace they span

10. Find the dimension of the subspace H of R? spanned by
2 —4 -3
=5 |’ 10 |’ 6
R? is completely spanned by two independent vectors, so one of these vectors
cannot be independent from the others. Whether there is more than one de-
pendent vector is not obvious, however; the dimension of H may be 2 or 1.

By properties of invertible matrices we can say that any independent set
of vectors {7, s, 03} will have only the trivial solution to AZ = 0 where
A = [171 Vs 173]. We augment [A 6] and take the reduced echelon form
to identify solutions to the equation:

2 -4 -31|0 RREF 1 -2 010
-5 10 6|0 0 0 110
Thus the first and second vectors are linearly dependent while the third is in-

dependent from both. The two independent vectors therefore comprise a basis
for H and so H has a dimension of 2.

4.5.4 (13-18) Given a matrix A determine the dimensions
of Nul A and Col A

1 -6 9 0 -2
0 1 2 —4 )
13. A= 0 0 0 5 1
0 0 0 0 0
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Find dim Col A by identifying the independent columns of A:

1 -6 9 0 -2 0 21 0 1645
0 1 2 -4 5 |RREF| O 2 0 295
0 00 5 1 0 0 0 15
000 0 0 0 0 0 .o 0

Pivot positions are indicated with boxes; here we have three independent columns
so dim Col A = 3.
Now the rank theorem ( in Lay p. 235) tells us that for a m x n matrix,

dimNulA =n—dimColA=5—-3
=2

Alternatively, find Nul A by writing the above columns in parametric form:

I3 =1
Irs = S
164
xr1 = —21t — ?S
29
Tog = —2t — gs
1
R
4 55
—21t — (164/5) s —21 164/5
—2t — (29/5) s -2 29/5
NulA = t =<t 1| +s 0
(=Y5) s 0 ~1s
S 0 1

The dimension of Nul A is 2.

4.5.5 (19-20) Support or contradict statements about the
dimensions of vector spaces

V' is a vector space. Mark each statement True or Fualse and justify
your answer.

19. (a) The number of pivot columns of a matrix equals the dimension of its
column space.

True; the pivot columns are the independent column vectors in the matrix and
are sufficient to span the column space. By Theorem in Lay (p. 229), “Any
set of exactly p elements that spans V is automatically a basis for V.” Here we
have exactly p pivot columns that span the column space, so they are a basis
for it. By definition the dimension of the column space is the number of vectors
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in its bases (Lay p. 228), so the dimension of the column space of this matrix
is the number of pivot columns.
Lay summarizes this on p. 230:

... the dimension of Col A is the number of pivot columns in A.

(b) A plane in R? is a two-dimensional subspace of R3.

True; the plane is a subspace of R? because the vectors on it have three entries,
but it is a two-dimensional subspace because exactly two vectors are necessary
to establish a basis for it.

(c) The dimension of the vector space Py is 4.

False; the vector space P4 contains polynomials of degree 4. Fourth degree
polynomials take the form 1+ x4 22 + 23 + 2%, so there are actually five entries
in their coordinate vectors. A basis for P4 would therefore require exactly five
vectors to span Py, so dim P, = 5.

(d) If dimV = n and S is a linearly independent set in V', then S is a basis for
V.

False; S being a linearly independent set is necessary, but not sufficient, for S
to be a basis for V; S must also contain exactly n elements, because dimV =n
and dim V' is by definition the number of elements in the bases for V' (Theorem

and the definition in Lay p. 228).

(e) If aset {71,...,7,} spans a finite-dimensional vector space V and if T is a
set of more than p vectors in V, then T is linearly dependent.

True; if the set {#1,...,0,} spans V' (and there are no more elements in the set
than necessary) then the elements of the set are a basis for V and dimV = p
(definition in Lay p. 228 and Theorem p. 229). If T is a set containing more
than p vectors in V' then T must contain linearly dependent vectors (Theorem

@ in Lay p. 227).

4.5.6 (21-22) Prove that the given polynomials are a basis
for Ps

21. The first four Hermite polynomials are 1, 2¢, —2 + 4¢2, and —12t + 8t3.
These polynomials arise naturally in the study of certain important differ-
ential equations in mathematical physics. Show that the first four Hermite
polynomials form a basis for P3.
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As coordinate vectors, these are

1 0 -2 0
0 2 0 —12
0f’10]’ 4’ 0
0 0 0 8
They are linearly independent,
1 0 -2 0 10 0 0
0 2 0 -—12 RREF 01 0 0
0 0 4 0 0 010
0 0 O 8 0 0 01

so by the basis theorem they form a basis for Ps:

Let V be a p-dimensional vector space. Any linearly independent set
of exactly p elements in V' is automatically a basis for V. (Theorem

in Lay p. 229)

4.5.7 (23-24) Use a change of coordinates matrix to find
the given vector relative to the given basis

23. Let B be the basis of P3 consisting of the Hermite polynomials in Exercise
21 on the preceding page, and let (t) = 7 — 12t — 82 + 12¢3. Find the
coordinate vector of p' relative to B.

We're given the vectors of B in standard basis coordinates so we construct the
change-of-coordinates matrix Pg¢. g from those vectors. We're asked to convert
to B-coordinates, however, so we invert Pg._pg to obtain Pg._¢. Borrowing the
coordinate vectors for B from Exercise 21, we have
-1

1 0 -2 0 1 0 Y2 0
o o2 0 12 0 Y2 0 3
Psce=Pees=10 0 4 0 10 0 Yi 0
00 O 8 0 0 0 s
And the standard basis coordinates of p are
7
-12
[ﬂs = -8
12
so the conversion is
1 0 12 0 7 3
B |0 Y2 0 3/ -12 | 3
Pls = Poeelble = | o g s 0 -8 | | -2
0 0 0 s 12 3/2
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4.5.8 (25-28) Understand why a basis must have enough
vectors to span the subspace

25. Let S be a subset of an n-dimensional vector space V', and suppose S
contains fewer than n vectors. Explain why S cannot span V.

If S spanned V then it would contain enough linearly independent vectors to
form a basis for V. The definition of the dimension of V' is the exact number
of vectors of all of its bases. If V' is n-dimensional and S contains a basis for V'
then, by the definition of dimension, S contains at least n linearly independent
vectors. Because S is stated to contain fewer than n vectors, it cannot contain
a basis for V. Every set of vectors spanning a vector space is a basis for that
space, so if S does not contain a basis for V' then it does not contain a set of
vectors that span V.

We can prove that S does not span V by contradiction: suppose that .S does
span V. By the spanning set theorem ( in Lay p. 212), some subset of S is
a basis B for V. Because S contains m vectors such that m < n, any basis for
V' that is a subset of S has at most m vectors. By the definition of dimension
(Lay p. 228) the dimension of V' is the number of vectors in B, which is at most
m. The dimension of V has been given as n and m < n so B cannot be a basis
for V', so there is no subset of S which spans V.

4.5.9 (29-30) Support or contradict statements about the
span and independence of vectors in a subspace; un-
derstand the relationship between the dimension of
a subspace and its bases

29. V is a nonzero finite-dimensional vector space, and the vectors listed belong
to V. Mark each statement True or False and justify your answer.

(a) If there exists a set S = {71, ...,7,} that spans V then dimV < p.

True; if S spans V then a subset of S is linearly independent and spans V. By
the spanning set theorem (Lay p. 212) if any of the vectors in S are not linearly
independent then the subset of S not containing those vectors still spans V. By
definition the dimension of V' is the number of vectors that form a basis for V'
(Lay p. 228). By the basis theorem ( in Lay p. 229) any set of p elements
that spans V is a basis for V. S spans V' so the minimal subset of S that still
spans V is a basis for V' and that subset has p or fewer elements; the dimension
of V is therefore at most p.

(b) If there exists a linearly independent set S = {t,...,¥,} in V thendim V" >
.

True; any basis of V' is a linearly independent set of k elements where k = dim V.
If a set S of p elements in V is linearly independent then S either forms a basis
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for V' (and k = p) or is a subset of a basis for V' (and k& > p). The dimension of
V then is either k =p or k > p, so dimV > p.

(c) If dimV = p, then there exists a spanning set of p + 1 vectors in V.

True; if a set of p+ 1 vectors span V' then one of those vectors is dependent and
is not included in the minimal subset that still spans V.

4.5.10 (33) Use the given independent vectors plus enough
standard basis vectors to form a basis for a higher
dimensional vector space

33. According to Theorem (Lay p. 229) a linearly independent set {71, ..., ¥k}
in R™ can be expanded to a basis for R". One way to do this is to create

A= -+ U & -+ &, with é1,...,8&, the columns of the identity
matrix (standard basis vectors); the pivot columns of A form a basis for
R™.

(a) Use the method described to extend the following vectors to a basis for R®:

-9 9 6
-7 4 7

=1 8 |,th=| 1|, 5= -8
-5 6 5

7 -7 7

We're given a set of three independent vectors in R®. We know that the dimen-
sion of any basis in R will be n; having three vectors we need two more that
are independent of each other and of the three given. Two vectors that we know
are independent of each other are any two of the standard basis vectors in R°.

Because the given vectors v; are independent of each other and do not span
R, we know that they cannot be combinations of all of the standard basis vec-
tors in R®—if they were then they would span R®. There are three independent
vectors v, so the largest subspace for which they can be a basis has dim 3; and
the greatest number of standard basis vectors they combine is three. Thus if we
solve which of the standard basis vectors {&,, €}, €.} combine to give {v7, ¥, U3}
then we can choose the remaining vectors {€y, €.} to complete the basis.

We begin by augmenting the three given vectors with all of the standard
basis vectors in R%:

A= [171 172 ’Ug | 51 55]

By reducing A to echelon form we find the pivots of all of the vectors it contains.
Any vector that has a pivot position is linearly independent of some of the other
vectors; any vector without a pivot is independent of none of them. Based on
statements in the previous paragraph we predict that we will find exactly two

Vector Spaces



46 4.5 THE DIMENSION OF A VECTOR SPACE

of the standard basis vectors to have pivot positions and that they will both be
independent of the given vectors ;.

-9 9 6|10 00 0
-7 4 7/0 100 0
8 1 —-8(0 010 0
-5 6 5/0 00 1 0
7 -7 -7T|0 0 0 0 1
10 0|-Ys 0 0 1 371
010/ 0 0 0 1 5/
RREF\ g 0 1|-Y3 0 0 0 -3/
000 o0f1] o 3 =2
L0 00| 0 o0 [1] -9 -s37

Thus the two additional vectors which are independent of each other and of vj;
are & and €3, so a basis for R® is

{171a17277737 62; g3}

(b) Explain why the method works in general: Why are the original vectors ¥;
included in the basis found for Col A7 Why is Col A = R"?
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4.6 Rank

1-18

All of the questions in this section aim to exercise one skill: understand how
the rank, nullity, column space, row space, and bases cooperate to describe a
matrix. None of these properties is independent of all the others, and
the questions here force you to consider a matrix in terms of each combination
of its properties so that you engrain all the dependencies between them.

4.6.1 (1-4) Determine rank A and dim Nul A by looking at
a matrix A; then find bases for Col A, Row A, and
Nul A

Assume the matrix A is row equivalent to B. Without calculations,
list rank A and dim Nul A. Then find bases for Col A, Row A, and
Nul A.

1 -4 9 -7 1 0 -1 5
1.A=|-1 2 -4 1|, B=|0 -2 5 -6
5 —6 10 7 0 0 0 0

Row equivalence between A and B gives us that:
because B has two free variables, A must also have two free variables

(the first free variable x3 is so because there is no pivot in the third row so it
must be dependent; the second, x4, is free because there are more vectors than
rows—so the fourth vector must be dependent because there is no degree of
freedom for it to independently span).

The span of the vectors in A, called Col A, has a dimension of 2; that is,
the number of basis vectors needed to span the same space is 2. The rank of A
is therefore rank A = dim Col A = 2.

The nullity of A (dim Nul A) is the dimension of the vectors that are mapped
to the zero vector under transformation by A. Because there are two free
variables in A, there are infinitely many vectors which are mapped to 0 as
we vary either of those free variables; those are the vectors in Nul A. The
dimension of that space of vectors, dim Nul A, is the nullity of A. In this case
dimNul A = 2.

By the rank theorem ( in Lay p. 235) we know that when A is an m x n
matrix, rank A + dimNul A = n. In this case A is a 3 x 4, and rank A +
dimNulA=2+42=4=n.

4.6.2 (5-6) Given rank A find dimNul A, dimRow A, and
rank A"

5. A 3 x 8 matrix A with rank 3

Exercises to practice

Questions to ask
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By the rank theorem ( in Lay p. 235), rank A + dimNul A = n; so 3 +
dimNul A = 8 and dimNul A = 5. The row space of A is the column space
of AT, so Row A = Col AT and dimRow A = dim Col AT = dimCol A = 3
(transposing A does not change the number of pivots). The rank of AT is
defined as dim Col AT, so rank AT = 3.

4.6.3 (7-8) Describe the column space and nullity of A
given the number of pivots in A

7. Suppose a 4 x 7 matrix A has four pivot columns. Is ColA = R*? Is
Nul A = R3? Explain your answers.

Because A has four pivot columns (linearly independent columns), the span
of those columns Col A has four dimensions. Further, the vectors in Col A
have four dimensions because A has four rows. The span of Col A is a four-
dimensional subset of R* and the only four dimensional subset of R* is identical
to R*, so Col A = R*.

By the rank theorem ( in Lay p. 235), the dimension of Nul A is n —
dimCol A = 7 — 4 = 3. Vectors in Nul A have seven entries and so can’t be
vectors in R?; rather Nul A is a subspace of R” and it has three dimensions (by
the rank theorem, there are three basis vectors for Nul A).

4.6.4 (9-12) Describe the column and row spaces of A
given a description of its null space

9. If the null space of a 5 x 6 matrix A is 4-dimensional, what is the dimension
of the column space of A?

By the rank theorem ( in Lay p. 235), dimCol A = rank A — dimNul A =
6—4=2.

4.6.5 (13-16) Describe what possible dimensions the given
matrix can have

13. If A is a 7 x 5 matrix, what is the largest possible rank of A? If A is a
5x 17?7

If Ais a7 x5 then it has 5 columns; if all of them are linearly independent
then it’s rank is rank A = dim Col A = 5.

If Ais a b x 7 then it’s largest possible rank is still 5 because it can’t have
more than 5 linearly independent columns (it can’t have more than 5 pivots).
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4.6.6 (17-18) Support or contradict statements about the
dimensions of the given matrix and its bases

17. A is an m X n matrix. Mark each statement True or False and justify your
answers.

(a) The row space of A is the same as the column space of A”.

True; the rows of A are identical to the columns of A”.

(b) If B is any echelon form of A, and if B has three nonzero rows, then the
first three rows of A form a basis for Row A.

False; the rows which form a basis are the nonzero rows of B. The first three
rows are not necessarily the rows which in B are nonzero, and they may be
linearly dependent. The nonzero rows in the echelon form B are linearly inde-
pendent, however, and may form a basis of a three-dimensional vector space.

(c¢) The dimensions of the row space and the column space of A are the same,
even if A is not square.

True; by the rank theorem ( in Lay p. 235), this dimension is called the
rank of A. The number of pivots in A is equal to the number of pivots in AT
and the rows of A are the columns of A”; so the dimension of Col AT is equal
to the dimension of Col A, and the dimension of Row A is Col AT .

(d) The sum of the dimensions of the row space and the null space of A equals
the number of rows in A.

False; the rank theorem states that the sum of the dimensions of the column
space (the rank of A) and null space of an m X n is n. dim Row A = dim Col A
(see part [c]), so the correct statement would be that the sum of the dimensions
of the row space and null space of A equals the number of columns in A.

Vector Spaces



50

4.6 RANK

Vector Spaces



Chapter 4 Vector Spaces 51

4.7 Change of Basis

1-14, 19

4.7.1 (1-2, 5-6) Find the change-of-coordinates matrix for
the given bases of a vector space; use the matrix to
change the coordinates of the given vector

2. Let B= {51, 52} and C = {&, &} be bases for a vector space V, and suppose
51 = —C1 +4¢ and 52 = 5¢ — 30s.
(a) Find the change-of-coordinates matrix from B to C.

A change-of-coordinates from B to C is equivalent to changing from B to stan-
dard basis E and from E to C. The goal is to construct a matrix that represents
B coordinates in C coordinates; we do this by converting B coordinates to stan-
dard coordinates and then standard coordinates to C coordinates.

The given basis vectors 51 and 52 are already defined in terms of the C basis
vectors ¢; and ¢a—the B vectors are defined in C coordinates. All we do then is
construct the matrix that transforms those B vectors to the C vectors. Applying
that matrix to transform any vector in B will similarly transform that vector to
its coordinates relative to the C vectors.

First we write out the B vectors as coordinates on the C basis, to make the
relationship clear

51 = $151 +y162 = (—1) . 61 —|—4 62

by = 227 + Yoo =5-C1 4+ (=3) &

fon=la [t =] )= al[fE], [

The change-of-coordinates matrix is simply the C coordinates (x;,y;) of the B
vectors
- - -1 4
res- [, B[ 7]-
cB 1, 2], I 5 _3

(b) Find [7], for & = 5b; + 3bs

The B coordinates of T are [51 52} E] . Apply the change-of-coordinates ma-

|3 - [ 55

trix from (a)

fe=Peos g = | 75 _

Exercises to practice

Questions to ask
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4.7.2 (3-4) Identify which of the given vector transforma-
tions is performed by the given change-of-coordinates
matrix

3. Let B = {51,52} and C = {¢1,¢} be bases for V, and let P be a matrix

whose columns are {51}6 and [l_)'gk. Which of the following equations is
satisfied by P for all £ in V7

[@]g = P], or [2], = P[2],

We're asked to identify in which direction a change-of-coordinates matrix maps
coordinates. If P is composed of the B vectors in C coordinates then does P
change vectors from B coordinates to C coordinates or from C coordinates to B
coordinates?

Consider that P is constructed by representing the basis vectors in B as their
corresponding vectors in C. We extend this notion to say that P represents all
vectors in B as their corresponding vectors in C. We write P then as P¢. g and
the answer becomes clear:

7l = P [#],

4.7.3 (7-10) Find the change-of-coordinates matrices be-
tween two bases in both directions (find the matrix
and its inverse)

Let B = {51, 52} and C = {1, ¢} be bases for R2. Find the change-
of-coordinates-matrix from B to C and from C to B.

- 7 -3 . 1 o -2
i [ 4] e[ 2]

Use the process of augmenting [C B] and [B C] and taking the reduced ech-
elon forms. This configuration places the left-hand matrix of basis vectors in
a position to be brought to the identity by row reduction; in doing so, we are
establishing a context for the right-hand basis in which the left-hand basis is
the “standard basis.” For example in [C B], rather than take vectors from B
coordinates to E coordinates and from E to C, we place the B vectors in a con-
text wherein the C has become the “standard basis” and the usual Pg._ g matrix
has transparently become a P¢. g matrix.

0|-3 1

1]-5 2 }

c B]:[ 1 217 —3}1:@;[

1
-5 215 -1 0
1
2

-3
Pc. = [ _5

Vector Spaces



53 4.7 CHANGE OF BASIS

We can find the matrix Pp.¢ by the same process, but it’s analogous to taking
the inverse P iB. Both configurations are shown:

|7 =3 1 =2 |rrer| 1 0|-2 1
8 C]_[f} 1]-5 2}_%0 1| -5 3}

ot W
o =
—_
|
—

Il
| —|
[
ot W
DN =
O =
= O
—_
=

=)

=

|
L—
O =
—= O
\
(G230 \)
wW =
—_

-1
P, z= {

4.7.4 (11-12) Support or contradict statements about change-
of-coordinates matrices

B and C are bases for a vector space V. Mark each statement True
or False and justify your answer.

11. (a) The columns of the change-of-coordinates matrix Pc¢. g are B-coordinate
vectors of the vectors in C.

False; the columns of the change-of-coordinates matrix from B to C are C-
coordinate vectors of the vectors in B. Consider by metaphor that the change-
of-coordinates matrix is the transform of the axes in B to the axes in C; when
the axes are transformed the whole space measured by them is also transformed.

(b) If V. =R"™ and C is the standard basis for V, then P¢. 5 is the same as the
change-of-coordinates matrix Pg. 3.

True; by definition £ is the standard basis for R™, so if V' coincides with R"
and C is a standard basis for V' then C is identical to &£.

4.7.5 (13-14) Find the change-of-coordinates matrix from
the given basis in Py

13. In Py, find the change-of-coordinates matrix from the basis
B={1-2t+13—5t+4t* 2t + 3t}

to the standard basis C = {1, t, t2}. Then find the B-coordinate vector for
-1+ 2t

The vectors in basis B are given in standard basis coordinates, so the change-
of-coordinates matrix from B to the standard basis C is

1 3 0
Pe = [bl ba bs] = -2 =5 2
1 4 3
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Converting the Py-vector —1 + 2¢ from standard basis coordinates to B coordi-
nates requires Pg. ¢, the inverse of the matrix above:
1

1 3 01 -23 -9 6
Py c=P;lp=| -2 -5 2 = 8 3 —2
1 4 3 -3 -1 1
-1
The vector —1 + 2t has standard basis coordinates ¥ = 2 | . Multiplying
0
by the change-of-coordinates matrix we have
5
[z = Ppc (v) = | —2
1

4.7.6 (19) Given a change-of-coordinates matrix P and
the destination basis, find a basis for R? that is trans-
formed by P to that destination basis

1 2 -1 . -2 . -8 . -7
19. Let P = -3 =5 0 ,01 = 2 ,b2: 5 ,bgz 2
4 6 1 3 2 6

(a) Find a basisU = {1, iz, i3} for R3 such that P is the change-of-coordinates
matrix Pg.y from U to the basis B = {51, 52, 53}

The normal way we’d construct Pg., given the basis vectors in ¢/, would be to
compose Pg.y; and Pg.¢; in the shorthand form, we’d augment [B L{] and
row reduce. We're given the reduced matrix and the destination basis B, but
the origin basis vectors {uy, iz, 3} are unknown:

9 -8 -7 100 1 2 —1
2 5 2ld iy iz | EE L0 1 0l-3 =5 0
3 2 6 00 1| 4 6 1

Consider how this process produces Pg._y: the destination basis is placed in
the left half of the augmented matrix and reduced to the identity, as if that
basis was the new standard basis. The right half of the augmented matrix then
contains the origin basis U transformed relative to that new standard basis B.
The columns of Pg.y then are the origin basis vectors in U (i1, Us, UWs), but
represented in B coordinates ([ii1] , [t2], [U3]z). If we want those U vectors
in true standard basis £ coordinates then we can use the change-of-coordinates

matrix Pg_pg to change [@;]; to @;:

9 -8 7
Pe = [bl B bs} | 2 5 2
3 2 6
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-6 —6 —5
[0y Uy U] =PegPpy=|-5 -9 0
21 32 3
—6 —6 -5
Ul - _5 ) _02 - _9 ) _03 = 0
21 32 3

(b) Find a basis C = {1, &, &} for R3 such that P is the change-of-coordinates
matrix Pe_p from B to C.

Again we have an augmented matrix of basis vectors, but this time the destina-
tion basis vectors are unknown:

9 8 7 100 1 2 —1
G &G &l o2 5 2| ®E Lo 1 03 5 o0
3 2 6 00 1| 4 6 1

The columns of Pc_p are {[51}6 , {EQL , [&L}; if we take the inverse PgiB

then we have Pp_c—and the columns of Pg_¢ are {[C1]z,[C2]g, [C3]5}:

-1

12 -1 5 8 5
Pg.c=P;ly=| -3 -5 0 = -3 -5 -3
4 6 1 -2 -2 -1

—

Transforming {[¢1],[C2]5, [C3]z} to standard basis £ coordinates then requires
P¢_p from part (a):

28 38 21
Pe gPpc=| -9 —13 -7
-3 2 3
28 38 21
= -9 |, =] -13|.6=|-7
-3 2 3
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4.8 Extra Topic: Error Correcting Codes
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4.8 EXTRA TOPIC: ERROR CORRECTING CODES
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Chapter 5
Eigenvalues and Eigenvectors

5.1

5.1.1
5.1.2

5.1.3

5.1.4
5.1.5

5.1.6

5.1.7

5.1.8

5.1.9

5.1.10

Eigenvectors and Eigenvalues

1-26, 37-40

(1-2) (Definition) Determine if the given value is an
eigenvalue of the given matrix

(3-6) (Definition) Determine if the given vector is
an eigenvector of the matrix and find the eigenvalue

(7-8) (Definition) Determine if the given value is an
eigenvalue of the matrix and find one eigenvector;
how many eigenvectors are there?

(9-16) (Practice) Find a basis for the eigenspace
given an eigenvalue of the matrix

(17-19) (Practice) Find the eigenvalues of the given
matrices; how many eigenvalues are there?

(20) (Concept) Find one eigenvalue and two eigen-
vectors for the matrix without calculations; what
concept is sufficient to find the answer?

(21-22) (Concept) Support or contradict statements
about eigenvalues and eigenvectors

(23) (Concept) Explain the correspondence between
the dimension of a matrix and the number of its
unique eigenvalues

(24) (Concept) Give an example of a 2 x 2 matrix
with one distinct eigenvalue; see Exercise 23 to jus-
tify your answer

(25) (Concept) Prove the relationship between the
inverse of a matrix and the inverse of its eigenvalue

59

Exercises to practice

Questions to ask
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[TT] 5.1.11 (26) (Concept) Define a nilpotent matrix; prove
that the eigenvalue of a nilpotent matrix of index

21is 0

[TT] 5.1.12 (37-40) (Practice) Use a calculator to find the eigen-
values of the given matrix; then use row reduction
to find a basis for each eigenspace

Eigenvalues and Eigenvectors
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5.2

5.2.1

5.2.2

5.2.3

5.2.4

5.2.5

5.2.6

5.2.7

The Characteristic Equation

1-22

(1-8) (Practice) Find the characteristic polynomial
and eigenvalues of the matrix

(9—14) (Practice) Find the characteristic polynomial
of the 3 x 3 matrix using cofactor expansion from
Section 3.1 (see homework on page 7?7, Lay p. 168)

(15-17) (Concept) List the eigenvalues of the ma-
trix, repeated according to their multiplicity (num-
ber of occurrences in the factors of the characteristic
polynomial)

(18) (Concept) Understand the relationship between
the multiplicity of an eigenvalue and the dimension
of an eigenspace; choose a value for an entry in the
matrix such that the 5-eigenspace has a specific di-
mension

(19) (Concept) Illustrate how the eigenvalues of a
matrix are multiplicative factors of its determinant

(20) (Concept) Choose the appropriate property of
determinants to show that a matrix A and its trans-
pose AT have the same characteristic polynomial

(21-22) (Concept) Support or contradict statements
about the eigenvalues and characteristic polynomial
of a matrix

Exercises to practice

Questions to ask
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5.3

5.3.1

5.3.2

5.3.3

5.3.4

5.3.5

5.3.6

5.3.7

Diagonalization

1-27, 33-36

(1-4) (Practice) Use the diagonalization theorem

( in Lay p. 284) to efficiently compute the 4th
or kth power of the given matrix

(5—6) (Practice) Use the diagonalization theorem to
find the eigenvalues of the matrix and a basis for
each eigenspace

(7—20) (Practice) Diagonalize the matrix if possible,
or state why it can’t be diagonalized
(21-22) (Concept) Support or contradict statements

about diagonalizable matrices (see Theorems | 5| and
@ in Lay pp. 284 and 286)

(23-26) (Concept) Determine if the matrix is diag-
onalizable from the dimensions of its eigenspaces

(27) (Concept) Prove that if A is diagonalizable and
invertible then so is A~

(33—36) (Practice) Use a calculator to diagonalize
the given matrix; then find the eigenvalues and bases
for the eigenspaces

Exercises to practice

Questions to ask
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5.5 Complex Eigenvalues

16 Exercises to practice

5.5.1 (1-6) (Practice) Find the eigenvalues and a basis for
each eigenspace in C?

Questions to ask
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Orthogonality and Least Squares

6.1 Inner Product, Length, and Orthogo-
nality

1-20, 23, 24, 26, 29

6.1.1 (1-8) Compute the inner products and quotients of
products of the given vectors

6.1.2 (9-12) Normalize the given vector (find a unit vector
in the same direction)

6.1.3 (13-14) Find the distance between the given vectors

6.1.4 (15-18) Determine which pairs of vectors are or-
thogonal (their dot product is zero)

6.1.5 (19-20) Contradict or support statements about the
dot product of vectors in R"

6.1.6 (23) Compute the length of a sum of vectors and
compare its equation to the Pythagorean Theorem

6.1.7 (24) Apply the parallelogram law to add vectors in
Rn
6.1.8 (26) Apply a theorem from Chapter 4 (Vector Spaces)

to show that the space of vectors orthogonal to a
given vector is a subspace of R?

6.1.9 (29) Prove that if a vector is orthogonal to every
basis vector for a vector space then it is orthogonal
to every vector in that space
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Exercises to practice

Questions to ask
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6.2

6.2.1
6.2.2

6.2.3
6.2.4

6.2.5

6.2.6
6.2.7

6.2.8

Orthogonal Sets

1-24, 35

(1-6) Determine orthogonal sets of vectors

(7-10) Make an orthogonal basis for R? or R? from
the given vectors and express ¥ in terms of that basis

(11-12) Compute orthogonal projections of one vec-
tor onto another

(13—14) Compute orthogonal projections of one vec-
tor onto a plane

(15-16) Compute the shortest distance between a
vector and a line (the length of the ray orthogonal
to the line)

(17—22) Identify orthonormal vectors, or normalize
the given orthogonal vectors

(23—24) Support or contradict statements about or-
thogonal vectors

(35) Use a calculator to identify orthogonal vectors
in the columns of the given matrix (hint: consider
the product A7 A)

Exercises to practice

Questions to ask
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6.2 ORTHOGONAL SETS

Orthogonality and Least Squares
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6.3 Orthogonal Projections

Exercises to practice
1-12

6.3.1 (1-2) Construct an orthogonal basis for a 2-dimensional
subspace of R* and express the vector 7 in terms of
that basis

6.3.2 (3-6) Find the orthogonal projection of i onto the
plane formed by the given vectors, if they are or-
thogonal

6.3.3 (7-10) Decompose 7 into its parallel and orthogonal
components with regard to a subspace of R?

6.3.4 (11-12) Find the point in a subspace of R* that is
closest to a vector not in that subspace (hint: as
in Exercises 15-16 in 6.2.5 on page 69, consider the
orthogonal distance to the subspace)

Questions to ask
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6.3 ORTHOGONAL PROJECTIONS

Orthogonality and Least Squares
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6.4

6.4.1
6.4.2
6.4.3

6.4.4

The Gram-Schmidt Process

1-12, 24

(1-6) Use the Gram-Schmidt process to convert the
given basis to an orthogonal one

(7-8) Normalize the orthogonal bases found in Ex-
ercises 3—4 to make orthonormal bases

(9—12) Find an orthogonal basis for the column space
of the given matrix

(24) Using a calculator, apply the Gram-Schmidt
process to find an orthogonal basis for the column
space of the given matrix

Exercises to practice

Questions to ask
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